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Betatron motion

: equation of motion, transfer matrix, FODO cell, chromaticity,
emittance, adiabatic damping, transition energy, dispersion
function, field errors

Longitudinal motion
: equation of motion, energy aperture, separatrix

Radiation damping in betatron and longitudinal motion
: energy loss, damping times

Effects of Undulator on beam parameters
: particle trajectory, energy spread, momentum compaction factor



Equation of motion in radial coordinates

Let's consider one particle’s trajectory:

2 2

FFFFFFF

F=m%=—m%+ev3y (p = &)
Frentrifugal = —Mpw?* = -m %2
Fiorentz = eByv — g = Byp Beam rigidity [Tem]
For a general trajectory:
p—>pt+x: F=ma, - ml;—;(p+x)—:%]=—eByv (A RF - ;
p >Xx
m%(p +x) = m%x m;lif — m:z (1 — %) = —eByv I
The guide field in linear approximation B, = B, + xaaiy + yai VeB=0 r’f
nEE = 2 (1 9 = o, +x2) Pan—



Equation of motion in radial coordinates

Independent variable: t — s

dx dx ds ,
— = — —=X"V
ccilg diic(lt )_dds( )_d(lz)_,lz_l_,2 dv 0, =%
772 I x'v Is dt x'v P x'v4) =x"v X vds
,/2_17_2 _£ __evBO _g
x"v p(l p)— —
1 X eB, eg
P p mv xmv
" 1 By
_;+iz - 77 (%:k)
, 1 x 1
x'——+—==———kx
pP P 14
1
x”+x(?+k>—0

Equation for the vertical motion
- p_12 = 0 usually there are not vertical bends

- k & — k quadrupole field changes sign

r

y' —ky=




Solution of the trajectory equations: focusing qudrupole

Definition:
Horizontal plane K = p_12 + k } . K 0
. + =
vertical plane K = —k x X
General solution, for K > O:
x(s) = a4 cos(\/ﬁs) + a, sin(\/ﬁs)
Boundary conditions:
x(0) = x, a; = Xp
s=0 - / / /
x'(0) = x'y, a,= %
Horizontal focusing quadrupole, K > 0O:
x(s) = xocos(VKs) + x'g \/% sin(VKs) e s=s,
x'(s) = —xoVK sin(vVKs) + x', cos(\/ﬁ S)
Matrix formalism: m “
X Xo ==
(%), = Mroc ( x'o)so U

=

Ny _( cos(VKs) ! sin(ﬁs))
foe ™ —VK sin(vVKs)  cos(VKs)




Solution of the trajectory equations: defocusing qudrupole

Equation of motion is
x"+Kx =0 withK<0

Solution is in the form:

s=10

Transfer matrix;

=51
x(s) = a4 cosh (MS) + a, sinh (MS)
cosh (\/m S) \/% sinh (m S)
Mdefoc = )
—VK sinh (MS) cosh (MS)

For a drift space, i.e.when K =0 —

Mdrift = ((1) lll)




Thin-lens approximation

When the focal length, f, of the lens is much bigger than the length of the magnet L

1
= — DL
/ K -L

We can derive the limit for L — 0 while keeping constant f, i.e. K - L = const.

Transfer matrices are

( 1 0) (1 0)
M,=1|_1 My = |1
f 1 f 1

Focusing and defocusing magnets respectively.




Transformation through a system of lattice elements

One can compute the solution of a system of elements, by multiplying the matrices of each single element:

X X0
(X’)sz = Mgq 52 * Mg 51 (x’o) .
S | '
DSt TN
NSRS N

Hill’s equation 0. =N

D o
Differential equation for “motions with periodic focusing properties” . ﬁg ___________________________

x"(s) + K(s)x(s) =0 &

With

- Arestoring force # const

- K(s) depends on the position s

- K(s+L) = K(s) periodic function, where L is the “lattice period”

We expect a solution in the form of a quasi harmonic oscillation
. amplitude and phase will depend on the position s in the ring.




Beta function

General solution of Hill's equation: x"'(s) + K(s)x(s) =0

x(s) = Ve B(s) cos(p(s) + ¢) (1)

g, ¢ = integration constants determined by initial conditions

B(s) is a periodic function given by the focusing properties of the lattice <& quadrupoles

B(s+L)=p(s)

Inserting EqQ. (1) in the equation of motion,

P(s) = f; ﬁc(lj)

Y(s) is the “phase advance” of the oscillation between the points 0 and s.

For one complete revolution, Y (s) is the number of oscillations per turn, the “tune”
1 ds

2 )] B(s)




Courant-Snyder invariant

General solution of the Hill's equation

x(s) = Ve \/ﬂ(S) cos(@(s) + ¢) (1)
x'(s) = W{a(S) cos(p(s) + ¢) + sin(e(s) + ¢)} (2)
From Eq. (1)
a(s)= -3 B'(s)
cos(p(s) + ¢) = ﬁ% y(s)= 14-;25()5)

Insert into Eg. (2) and solve for ¢

e = y()x(s)*+2a(s)x(s)x'(s) + B(s)x'(s)?

- £ Is a constant of the motion, in dependent of s : Courant-Snyder invariant
- it Is a parametric representation of an ellipse in the x x’ space
- the shape and the orientation of the ellipse are given by|a, 8,y — Twiss parameters




Courant-Snyder invariant

Liouville : in an ideal storage ring, if there is no beam energy change, the area of the ellipse
in the phase space x — x’ is constant

The area of ellipse, 7 - €, is an intrinsic beam parameter and cannot be changed by the focal properties.

Phase-space ellipse

: : : * —Ct f/
Given the particle trajectory: £V
x(5) = VE/B(s) cos(p(s) + ¢) J

- the maximum amplitude is:

2(s) = f¢B

- the corresponding angle, in X(s), and solving for x':

e=vy-ef +2a/ef - x' + B(s)x"?

A €
- X =—-a |
b

- Alarge S corresponds to a large beam size and a small beam divergence
- wherever £ reaches a maximum or a minimum, a« =0 (and x’ = 0)




Momentum Compaction factor

Off-Energy Particles
If a particle is slightly off the design momentum it will have a different orbit.
« Path length of an orbit displaced by x

dsg = pdf ds =(p + x)do

» Relative difference in path length (n, = dispersion)

dl.  ds—dsy x mydp

dsop, ds, p pp

* Integrating leads to the total path length change

_ — Nx(So) dp
AC = $adl () 9Sp(s>p

since 7, is usually positive, total path Iength increases for hlgher energy particles.

Momentum compaction factor

dL
T _ }fnx(So) dp
dp o(say D

a. =



Transition Energy

« Off-momentum particles have different revolution frequencies to on-momentum particles due to different orbit
lengths and velocities. |(revolution frequency : number of revolution in the ring per second)

pc df, df dR df dp
=5 - —=F7-—F5=Z—a— (1)
2nR fr L R p p
« Calculate % as a function of %p
dp d,B dV 1P dp Y2 ap
= ymgopbc - 1-— — — 2
p oB p ﬁ =(1-8%)" 5 5 (2)
« From (1) and (2), we get the relative change in revolution frequency
df, ( 1 ) dp  dp
Jr o g — (3)
o\ ) T T
n=y?% —a.=y % — y;*is the slip factor
« |Transition energy iswheny = y; = _1/2 and n = 0.




Transition Energy

Phase stability in a synchrotron

fr

* Below transition (n >0 - y <y > () gives a higher revolution frequency (increase in velocity dominated)

fr

* Above transition (n <0 - y >y, < 0) gives a lower revolution frequency v = ¢ and a longer path

(momentum compaction dominated)

ERrr
evs

..............................................................................................................

Stable forn < 0

Stable forn > 0 A




Dispersion function

Beams have small momentum spread among all particles : AP =P — P, # 0.

Dipole introduces a linear correlation between transverse position and momentum, called 7n(s) :

x(s) = 1(s) 3 -

P=R,

This correlation is known as dispersion function.
i ’ p<p,




Inhomogeneous Hill's equation

If P # P, (define § = 2220 = 22
0 Py
Bp=< =222 = Bpy(14+8) = p=py(1+8).
When we derived the equation of motion at slide 21.:
x!" — %+%= ~ 222 that became: x" + (%+k) x =0.
BO — BBO ~ %

AP 1
2 T po+dP P =3 NP_(1_5)'

x4 (k) x="2
p p

If we drop the suffix O , this is “ the inhomogeneous Hill's equation” :

A
x4 (k) x=2 2
p p P

0




Solution of the Inhomogeneous Hill’s equation

A particle with AP = P — P, # 0 has total deviation of the particle from the reference orbit
x(s) = xg (s) + x¢(s)

> xp(s) describes the betatron oscillation around the new closed orbit, and

it's the solution of the homogeneous equation x; (s) + K(s)xg (s) = 0

> xc(s) describes the deviation of the closed orbit for an off-momentum particle.

xe (s) =n(s) i—P , where n(s) is the solution of the equation
0

1

n"(s) + K(s)n(s) =

- (1+k> 1 AP
X — X=——
p* p P




Dispersion function and orbit

It can be shown that the solution is;

nis)==s (S)

"Yds'

Once we know n(s), the orbit x(s) = xp (s) + x¢(s), with x¢(s) = n(s)i—P , can be
0

rewritten as

x(s) = x5 (s)+ xg(s)
= C(s) %0 +S()xp +1(s) 5

(), = (& )G+ % ()

0



Dispersion function and orbit

In a more compact way:

X C S n X
< x' ) = <C’ S’ n)( x' ) , n(s)zS(s)f;pé,)C(s’)ds’ —C(s)fosﬁS(s’)ds’
AP /P, < 0 0 1 AP /P, 0

> Drift space

Mpyift = (é i) Ct)=1,5t)=L, p(t) =0 = theintegrals cancel

1 L O
MDrift=<0 1 0

0 0 1

X 1 L 0 x’
AP /P, s 0O 0 1 AP /P, 0



Dispersion function in a sector dipole

> Sector dipole: K = /%:

L . L
y ( cos(\/?L) \/i? sin(\/f L)) cos p sin
Dipole — . = 11 L
—VKsin(vVK L)  cos(VKL) —~ sin> cos
which gives
L
n(L) =p (1 — cos;)
/ _ . L
n'(L) = sin—
therefore

cos£ sin£ (1 — CoS £)
P P P P P

. — 1 . L L L
MDlPOl@ —=sin— cos— sin—
p p p p

0 0 1

¢ = % Is the bending angle, L is the length of magnet.



Dispersion function in a quadrupole

> Focusing quadrupole, K > 0:

cos(\/EL) \/% sin(\/EL) 0
Mor = | _VKsin(VKL) cos(VKL) 0]
0 0 1

> Defocusing quadrupole, K < 0:

cosh( IKIL) \/% sinh( IKIL) 0
Mop = JIK|sinh(VKL)  cosh (\/WL) 0
0

0 1



Periodic dispersion

In a periodic lattice, the dispersion must be also periodic.

n
That is, for (U') we need to have:

1
n mll ml12 m1l3 n
(n') = <m21 m22 m23> (n')
1 0 0 1 1
Let's rewrite this in 2 x 2 form:;
Ny _ (ml1l mi12\ (" m13
(n’) = (m21 m22) (n) * (ng)

(S 1Dz ()= (za)

The solution is:

(77) _ 1 (m13+m12m23—m22m13 )
2(1-cosp) \ m23 + m21 m13 — m11 m23




Tune shift 2F Chromaticity

AP XA 0| B & K} (gradient error) 7t Y2 H HEIE R RlS54=7} BT}
A2 HELA k7t R0 2 EXA| HE5dE

(1 0 (1 0\/[cosuy+ agsinpug Bo sin ug )
M = (—k 1) Mo = (—k 1)< —Yo Sin ug COS Uy — asin yg

M = ( COS Uy + ag Sin Uy Lo sin ug )

k — (cos g + agsinuy) —yosinuy, —kpBysinuy + (cos uy — ag sin )

=(Cos,u+ocsinu fsin u )
- —y sinu cosu — asinu

Trace(M) = 2cosu = 2cos uy — kB, sin g
k7t OB 2 =y, + Ap 2t SHH
cosu = cos(ug + Au) = cos g cos Au — sin pg sin Au
— COS g — S,Bo sin Ug

k
Ap = 5,30 (u = 2mv)
Tune shift : Av = ﬁﬁo UHIMOZ Ay = ﬁfAk B(S)dS | (k= Ak1)




Chromaticity (2%}

H AXIO| 2SO0 S 2SO0 APTHE HO| GICHH
2 K ~k kApOl =il

[} [}
o| Xt EHoHH TuneOI Av = —ﬁfkﬁ(s) ds?p Ot2 =0 =L

Av Small emittance — Strong quadrupoles — Large (natural) chromaticity
§ =45 . chromaticity
p

§=——JkB(s)ds ;y o

2 HAOM EXNSIH A=A 0N g7t 2 H

o| MHZFo| 74 &I —» strong sextupoles (sextupoles guarantee the focussing of off-energy paricles)
¢2| ZLhak -

Dipole Sextupole Quadmnupole
Tune shift7t 3™ 2&0| =I5 X| L -
A ( f r—
180:!'—)'\—5 ?pgl' %"77'” 3_7‘” H—Ll_—' |‘ J I_ s, — Ao Courtesy A, Streun

Head-Tail instability7| 2% %E §E 719
022 E[AH MKt 2 % PHEE AHE et
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FODOZ2| H|Efgh=, MK} (1)

¢ A1) =A

(2)

o>
ot
ey
|O

| M1I2 HE

11 L
fp fr 2foff

] L
fo = frOl®H, |sinZ =~ | 0| EIL}.

cosp = —tr(M) =1+ = 1-2sin 2%

Stability 2742 f>

2
Bmax Sing = 2L + o
fp

L4 .U
2L + F . 2L(1 + SlnE)

ﬁmax= sing

sinu

S XF o XM LOLIEZ (fy = —f7)

L
2L —— —sin¥
,3 o fg =2L(1 smz)
min sinu sinu




FODOZ2| H|EfShs=, MK} (1)
« natrual M=Xt= A=A Q| O H K| 2| EH =2 H el

§=-—$B(s)k(s) ds
=-—x N(;euf BEk(s) ds

Nc 1l 1
. [ﬁmax 2k +,8m1n( )+,3max E]
Ncey L 1 1 L
= - |———++
2 sinpu [fF fp fFfD]
fo = frol™
__ Neew L2 _ Nceul oM P I L2 _ . ou
§= 2msing 2 4m sml; cos2 z 4sin 5 (sinu=2sin ZCOS > e 4sin 2)
N
— Cell tan U
T 2
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n M;; Mj, Mjs n
n|=(My; My, My n
1 Ms; M3, Msjs 1

Gr) =™ () * ()

() = ¢ i)

(77) ! (m13 + my,my3 — m22m13)
==
n 2(1- cosu) \INy3 + My1My3 — Mq1My3

Igin 4
19(1+3sin £

- ) = 0
NF sinzg D’k
16(1-sin &
D sinz¥& D'p

2
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« MK Z0|7} 2L
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L2 L
1_E L( +4_f)
-1 15

__sinpu cosu
.Bmax

L
4
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Pmax = L( sing 2)
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FODOZ2| Z4tshs, MK (11)

« Dispersion §&0| Z&El HEHEH . 6 << 1 XD AL
10 0\/1 2 2\ /10 0\/1 %
_ [ _1 1
M=1-%1 0Jlo 1 e 9o 1
0 0 1 0 0 21 0O 0 1 0 0
L L2 L
1-2 L+s  C(l+s
= 1 L L2 L
-9 1-5 (U-g-5p
0 0 1

n M;; Mj;, Mg; n

n| =Mz My, My n

1 M3; M3, Ms; 1
AN Mi3
(n') =M (n) ¥ (Mzs)

() = 0 ()

16, 1+ Lsin £ ,
NMmax = ( szu —=—7%) n =20

10 1——51n‘2‘ ,
Nmin = 4\ gin2P ) n =0

2
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Disturbed closed orbits

S =0 Ol Al AS F+Zt0f| dipole field error?t U=

x Is unchanged | {ﬁvn ]

, , ecSB A ﬂ!flaﬁﬁﬂ
x' is changed by amount Ax' = 6G As = B As | N
x" =k(x)x + 85G(s) : —s
x' > x"+Ax" = x" + 85GAs '. \/’ l

s5=0 5=

x(0)=0
x'(0) = Ax'

The disturbed closed orbit for a field error at s = 0.

S =00|M AS #7H0]| 6GO217F U= BF
AS 0|2 7t x(s) = a/B(s)cos(¢p(S) — 6), s # 0

xc(L) = x.(0) (1)
x'c (L) + 6GAS = x'.(0) (2)



Disturbed closed orbits
24 (1) xc(L) = a\/B(L) cos(¢p(L) — 6)
= a./B(0) cos(2mv — 0)

x(0) = ay/B(0) cos(¢(0) — 0)
= a./B(0) cos(8)

2

A+B A—B
cosA + cosB = 2 cos . COS

cos(2mv — 6) = cos O

. A+B . A-B
{COSA — cosB = —2sin . sin

2
cos(2mv — 6) —cosf =0

. (2nmv-0)+6 . (2nv-0)-6
—Zsm( 2) -sm( 2) =0

(—2)sinmv -sin(mv—0) =0 .0

v



Disturbed closed orbits

242

¢ sy o B'(s)
‘ JBE) 2B(s)
W51n(¢(L)—H)+B(L) x(L)

2p(L)
_ B'(0)
Jﬂ(—{ sin(2mv m/)}+2ﬁ(0)a B(0) cos(mv)
B’ ( )

sin(¢p(s) — 0) +

x(s)

x’c (L) = -

/3(
= x'(0) — 5GAS

= \/ﬁ(_sm( 0) +
\/ﬁ(_sm(e) + zﬁﬁ(((()))) a+/B(0) cos(8) — §GAS

= m (sinf + = . ,8 (0) cos(B)) — 8GAS

B’ (0)
2p(0)

x(0) — 6GAS

__2a sinntv = —0GAS
£(0)

,/ JB(0)8GAS

2 sin v



Disturbed closed orbits

Distorted closed orbit induced by field error §G ats =0~ AS is

5GAS/B(0) N

Tein oy VP cosig(s) —mv}

xc(S) =

v— integer, x(s) —» oo integer resonance

s =002 TI=

_ 5GAS/B(0) Vo)

x(0) Tein vV P(0) costé(0) —mv}

__ 8GAS B(0)
o 2 tan tv

s =s; O|Al 0|27 Y™

S5GAS B(s,)
x(Sl) = ot
anmnv
xz+2lo] 9lo|o| 2of 027} UCHE (5)
s =0-s
Bs) = B(s) — B(E)
xo(s) = L5 £ 56.(5) VB coste(s) — ¢(3) — mv} ds

2 sin Tv




AM=AEA M7| o= HIEFEE & R HEfg=0| =2 O] ZICt
MEES 27Me RE2e= o HEWHE = ASl BE HA[SIC}
_ (411 4p2 _ (b11 b12>
M= B+ 4 A= (a21 azz)' B= (b21 b,,

AL} BALOIOf AFF ALY O 2/ £ P/ ot H& S

_(mi1 Mg\ _ 1 0
Maise = (m§1 mzz) =5 (—Akds 1)A

B aqq a12
Maise = B (—Akdsa11 +a,, —Akdsaq, + azz)

My, = ( - yb11 @12 + by (—Akdsa,; + azz))

~



	방사광 가속기�빔 물 리��  고려대학교 대학원� 가속기과학과��김   은 산�
	   2022년 2학기 가속기 학점교류 과목�                 (고려대 가속기과학과 개설)
	                 빔 물리 연구 분야
	                 Contents
	슬라이드 번호 5
	슬라이드 번호 6
	슬라이드 번호 7
	슬라이드 번호 8
	슬라이드 번호 9
	슬라이드 번호 10
	슬라이드 번호 11
	슬라이드 번호 12
	슬라이드 번호 13
	슬라이드 번호 14
	슬라이드 번호 15
	슬라이드 번호 16
	Dispersion function
	                  Inhomogeneous Hill’s equation
	Solution of the inhomogeneous Hill’s equation
	                     Dispersion function and orbit
	                       Dispersion function and orbit
	               Dispersion function in a sector dipole
	               Dispersion function in a quadrupole
	                       Periodic dispersion
	슬라이드 번호 25
	슬라이드 번호 26
	 FODO의 베타함수, 색수차 (I)
	 FODO의 베타함수, 색수차 (I)
	 FODO의 베타함수, 색수차 (I)
	 FODO의  분산함수 (I)
	 FODO의  분산함수 (I)
	 FODO의 베타함수, 색수차 (II)
	 FODO의 분산함수, 색수차 (II)
	 FODO의 분산함수, 색수차 (II)
	슬라이드 번호 35
	슬라이드 번호 36
	슬라이드 번호 37
	슬라이드 번호 38
	슬라이드 번호 39

