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Problem 1

M = ( cos 𝜇 + 𝛼 sin 𝜇 𝛽 sin 𝜇
−𝛾 sin 𝜇 cos 𝜇 − 𝛼 sin 𝜇 )

= I cos 𝜇 + J sin 𝜇
(1)

where I = ( 1 0
0 1 ) and J = ( 𝛼 𝛽

−𝛾 −𝛼 ).

1) Show that M2 = I cos (2𝜇) + J sin (2𝜇)
2) Show that M𝑛 = I cos (𝑛𝜇) + J sin (𝑛𝜇) for a positive integer n.

Problem 2
From the definition of the transfer matrix

M = ( cos 𝜇𝑥 + 𝛼𝑥 sin 𝜇𝑥 𝛽𝑥 sin 𝜇𝑥
−𝛾 sin 𝜇𝑥 cos 𝜇𝑥 − 𝛼𝑥 sin 𝜇𝑥

) = I cos 𝜇𝑥 + J sin 𝜇𝑥, (2)

where I = ( 1 0
0 1 ) and J = ( 𝛼𝑥 𝛽𝑥

−𝛾𝑥 −𝛼𝑥
), show that

𝛽𝑥𝛾𝑥 − 𝛼2
𝑥 = 1 (3)

Hint) use the symplectic condition of M

Problem 3
Using the invariant

2𝐽𝑥 = 𝛾𝑥𝑥2 + 2𝛼𝑥𝑥𝑥′ + 𝛽𝑥𝑥′2 (4)

show that Courant-Snyder parameter transform from 𝑠0 to 𝑠1 by the matrix transformation
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Problem 4
With the normalization of 𝑥 by √𝛽𝑥(𝑠),

𝜂𝑥(𝑠) = 𝑥(𝑠)
√𝛽𝑥(𝑠)

(7)

show that
𝑑𝜂𝑥
𝑑𝜙𝑥

= 𝛼𝑥𝑥 + 𝛽𝑥𝑥′

√𝛽𝑥
𝜈𝑥 (8)

and

𝑑2𝜂𝑥
𝑑𝜙2𝑥

+ 𝜈2
𝑥𝜂𝑥 = 0. (9)

Hint) use relationships

𝛼′
𝑥 = 𝛽𝑥𝐾𝑥 − 𝛾𝑥,

𝛽′
𝑥 = −2𝛼𝑥,

𝛾′
𝑥 = 2𝛼𝑥𝐾𝑥,

(10)

and Hill’s equation.
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