HW1

March 10, 2026

Problem 1

Consider a simple harmonic oscillator (SHO) consisting of a particle of mass m attached to an ideal
spring with spring constant k. The particle oscillates along the z-axis with amplitude A and initial

phase ¢q. Define
[k
Wy = —.
m

Assume there is no friction and no gravitational force.
1) Write down the equation of motion for this SHO system.

2) Find the general solution z(t) of the equation of motion in the form

x(t) = Acos(wot + ¢p).

3) Compute the velocity &(t).

4) Evaluate z(0) and #(0), and express them in terms of A, wp, and ¢g. Denote these initial values
by
ZE(O) = T, ZU(O) = i’o.

5) Using the trigonometric identities
cos(a + ) = cos acos f — sin asin f3,

sin(a + ) = sina cos 8 + cos asin 3,
rewrite x(t) and Z(t) in terms of A, cos(wpt), sin(wopt), cos ¢g, and sin ¢y.

6) Using the results from part 4, rewrite z(¢t) and #(¢) entirely in terms of zg, &g, wo, cos(wpt), and
sin(wot).



Problem 2

Consider a particle of mass m moving in one dimension under the restoring force

F(z) = —mwix,

where wp is a positive constant. Assume there is no damping and no external driving force.
1) Using Newton’s second law, derive the differential equation of motion.

2) Show that the function
x(t) = Cy cos(wot) + Ca sin(wot)

satisfies the equation of motion.
3) Find the velocity @(t).

4) Suppose the initial conditions are
z(0) = zo, %(0) = vp.

Determine the constants Cy and C5 in terms of xg, vg, and wy.

5) Hence show that the motion can be written as

z(t) = zo cos(wot) + ‘o sin(wot).
wo

6) Rewrite the solution in the amplitude-phase form
z(t) = Acos(wot + ¢p),

and express A and ¢g in terms of xg and vg.

7) Show that the total energy

1 1
FE = gmx'2 + §mw§x2

is constant in time.
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